We give a partial list of 26 tight Bell inequalities for the case where Alice and Bob choose among four two-outcome measurements. All tight Bell inequalities with less settings are reviewed as well. For each inequality we compute numerically the maximal quantum violation, the resistance to noise and the minimal detection efficiency required for closing the detection loophole. Surprisingly, most of these inequalities are outperformed by the CHSH inequality. 
Finding all the Bell inequalities for a given number of measurement settings and outcomes is a difficult problem [1] . Even for the case of binary settings (two-outcome settings), few is known. All tight Bell inequalities, i.e. facets of the local polytope [1, 2] , have been listed for the following cases: 2222, M222 (M ≥ 3), 3322 and 4322, where ijmn refers to the situation where Alice chooses among i settings with m outcomes and Bob among j settings with n outcomes. For the cases 2222 and M 222 (M ≥ 3), there is only one Bell inequality [3, 4] : the famous Clauser-Horne-Shimony-Holt (CHSH) [5] inequality
Here the notation represents the coefficients that are put in front of the probabilities, according to P (rB = 0|y) P (rA = 0|x) P (rA = rB = 0|xy) ,
where x (y) denotes the measurement setting of Alice (Bob) and rA (rB) its result.
In the 3322 case, only one new inequality [4] appears
Note that by first inverting the output of Alice's first setting as well as Bob's second and third settings, and then relabelling the settings, one gets a symmetric version of I3322 I3322 ≡ −1 −1 0
For the case 4322, there are three new Bell inequalities [4] :
For more settings very little is known. In this note we give a partial list of 26 inequivalent tight Bell inequalities for the 4422 case. We believe that this list is not exhaustive, in the sense that it does probably not contain all the inequivalent facets of the 4422 local polytope. Note that there exist algorithms that can list all Bell inequalities for a given configuration (number of settings and outcomes)
1 . However, these methods can still not deal with the complexity of the 4422 case. To find the inequalities presented here, we have performed a numerical research, inspired from the form of the inequalities mentioned above. More precisely, we constructed all tables of the form
where all correlation coefficients C(Ai, Bj) are integers between −2 and +2, and all marginal coefficients
, and a similar relation for coefficients M (Bj ). For each table we derive the local bound L, by finding the maximum over all local deterministic strategies -there are m i n j = 256 deterministic strategies in the 4422 case. Finally we check if the obtained inequality (I ≤ L) is a facet of the local polytope or not. This is done by computing the dimension of the subspace spanned by all deterministic strategies saturating the inequality; if this subspace is found to be an hyperplane (i.e. its dimension is d − 1, d being the dimension of the no-signaling polytope [6] ) then the inequality is tight.
As mentioned above, we find 26 inequivalent tight Bell inequalities, which can be found at the end of this paper (see Appendix A). Eight of these inequalities were already known, the others are new to our knowledge. More specifically, I
1 4422 was presented in [4] , I 2 4422 in [7] , A5,6 and AII1,2 in [8] , AS1,2 in [9] and independently in [10] . Note that there are only two correlation inequalities in this list, AS1,2, which Avis and co-workers have shown to be the only ones for the 4422 case [11] .
Most of these 4422 inequalities can be written in a symmetric form, as the CHSH and I3322 inequalities. Among the 26 inequalities, only six cannot be written in such a form: I Now we characterize all these inequalities. In particular we find numerically the maximal quantum violation for a pure entangled state of two qubits of the form |ψ(θ) = cos θ|00 + sin θ|11 .
The maximal violation is found for the state |ψ(θmax) . We also give the resistance to noise and the minimal detection efficiency required to close the detection loophole. Results are summed up in table 1.
Next we give some comments on these results.
Quantum violation. To find the largest quantum violation we optimize over projective non-degenerate von Neumann measurements. So each measurement setting for Alice (Bob) is characterized by a vector ax ( by) on the Bloch sphere. Indeed one has p(00|xy) = T r(Ax ⊗ By|ψ(θ) ψ(θ)|) where Ax ≡ 1 1+ ax σ 2 and a similar expression for By.
The CHSH and I3322 inequalities are maximally violated by the maximally entangled state, i.e. θmax = π 4
. Curiously for more settings, the maximal violation is often obtained for a non-maximally entangled state (see Table 1 ). This was already known to be the case for Bell inequalities with more than two outcomes [12] , but is new, at least to our knowledge, in the case of binary outcomes.
The inequality I 4 4422 has an astonishing feature. It requires degenerate von Neunmann measurements (i.e. measuring the identity) for two settings on each side, in order to be violated by the maximally entangled state. In other words the singlet cannot violate this inequality if one considers only onedimensional projectors. It is easily seen that by forgetting (i.e. measuring the identity) Alice's second and third measurements and Bob's first and fourth measurement one gets the CHSH inequality (1) which is indeed violated by the maximally entangled state.
Resistance to noise. Consider the Werner state ρw = w|φ + φ
. The resistance to noise is defined as the amount of noise (1 − w) that can be added to the maximally entangled state, such that the global state ceases to violate the inequality. In case the maximal violation is obtained for a partially entangled state (θmax = π 4 ), we also compute the resistance to noise for this state (|ψ(θmax) ). We note 1 Such algorithms can be found on the internet: see for example www.math.tu-berlin.de/polymake, www.zib.de/Optimization/Software/Porta, www.cs.mcgill.ca/fukuda/soft/cdd home/cdd.html.
Bell it wmax. Surprisingly the simplest of the inequalities presented here, the CHSH inequality, is still the most robust against noise. Symmetric detection loophole. We compute the threshold detection efficiency required to close the detection loophole in the symmetric case, where Alice and Bob have the same detection efficiency (ηA = ηB ≡ η). The threshold efficiency η is computed for the maximally entangled state. Since we restrict our study to binary outcomes, Alice and Bob must define a strategy for the case of non detection; for example they can choose to output always "0" whenever they get no detection. Here we optimize over the strategy of non detection (see [13] for more details). We find that inequality A5 of Ref. [8] allows a slightly lower detection efficiency compared to CHSH; η = 82.14% for A5 versus η = 82.84% for CHSH. This is the best value known to date for two-outcome Bell inequalities. Note that Ref. [14] presents a three-outcome inequality achieving a similar efficiency (η = 82.14%)
2 . The efficiency can even be slightly lowered (η = 81.65%) by considering inequalities sensitive to the source's efficiency [14] . Let us also remind that considering partially entangled states helps to lower the threshold efficiency for CHSH, as shown by Eberhard [15] [16, 13] is interesting, especially considering atom-photon entanglement [17] . The interest of such systems come from the very high efficiency of the atomic measurement (close to one), which allows to detect the photon with a much smaller efficiency, compared to the symmetric case. It is shown in Ref. [13] that, if the atom is always detected, an efficiency as low as 43% can be tolerated for the photon detection, using the inequality I3322 and very partially entangled states. Two inequalities mentioned in the present paper (I More settings. Finally we mention some known Bell inequalities with more than four two-outcome settings on each side. In Ref. [4] a family of inequalities INN22 has been derived for any number of settings N . These inequalities generalize the inequalities I3322 and I 1 4422 mentioned in this paper. In Ref. [8] two hundred millions of Bell inequalities, with up to eight settings on each side, have been found. See also [9] for correlation inequalities with more than four settings.
Conclusion. In this paper we have presented 26 tight Bell inequalities for the 4422 case. This list is, most probably, not exhaustive. For each of these inequalities, we have computed the largest quantum violation, the resistance to noise and the minimal detection efficiency required to close the detection loophole in a symmetric configuration. All these quantities have been computed for two-qubit systems.
Finally, let us point out the astonishing power of the CHSH inequality, the simplest Bell inequality. It clearly outperforms most of the more complex inequalities presented here. To date it is still the most robust against noise for qubit Werner states. It is also the best for closing the detection loophole, except for states close to maximally entangled, where inequality A5 is slightly better, as shown above. The largest improvement on CHSH is found for the asymmetric detection loophole, where inequalities I3322 and I 2 4322 can tolerate much lower detection efficiencies for the photon. This apparent superiority of the CHSH inequality is surprising, since one may expect that considering more data, i.e. having more settings to test, would help against noise as well as for closing the detection loophole. Indeed we have analyzed here only a partial list of four settings Bell inequalities and a very efficient inequality might still be found.
1 Appendix A: partial list of 4422 Bell inequalities 
